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THE HARMONIC OSCILLATOR ON THE HEISENBERG GROUP
–
L’OSCILLATEUR HARMONIQUE SUR LE GROUP DE HEISENBERG
DAVID ROTTENSTEINER AND MICHAEL RUZHANSKY
Abstract. In this note we present a notion of harmonic oscillator on the Heisenberg group
Hn which forms the natural analogue of the harmonic oscillator on Rn under a few reasonable
assumptions: the harmonic oscillator on Hn should be a negative sum of squares of operators
related to the sub-Laplacian on Hn, essentially self-adjoint with purely discrete spectrum,
and its eigenvectors should be smooth functions and form an orthonormal basis of L2pHnq.
This approach leads to a differential operator on Hn which is determined by the (stratified)
Dynin-Folland Lie algebra. We provide an explicit expression for the operator as well as an
asymptotic estimate for its eigenvalues.
Re´sume´
Dans cette note, nous pre´sentons une notion d’oscillateur harmonique sur le groupe de
Heisenberg Hn qui forme l’analogue naturel de l’oscillateur harmonique sur Rn sous quelques
hypothe`ses raisonnables : le l’oscillateur harmonique sur Hn devraˆıt eˆtre une somme ne´gative
de carre´s d’ope´rateurs lie´e au sous-laplacien sur Hn, eˆtre essentiellement auto-adjoint avec
un spectre purement discret, et les vecteurs propres doivent former une base orthonorme´e
de L2pHnq. Cette approche conduit a` un ope´rateur diffe´rentiel sur Hn qui est de´termine´
par l’alge`bre de Dynin-Folland de Lie (stratifie´e). Nous fournissons une expression explicite
pour l’ope´rateur ainsi qu’une estimation asymptotique pour ses valeurs propres.
1. Introduction
The aim of this note is to introduce a canonical harmonic oscillator on the Heisenberg
group Hn. For n “ 1 and exponential coordinates pt1, t2, t3q P R3 – H1 the harmonic
oscillator we propose is explicitly given by
QH1 “ ´
`B2t1 ` B2t2˘´ 14`t12 ` t22˘B2t3 ` `t1Bt2 ´ t2Bt1˘Bt3 ` 4pi2 t23.
Our approach is motivated by the following three realizations of the classical harmonic
oscillator QRn on Rn:
(R1) the negative sum of squares ´∆` 4pi2 |t|2 of partial derivatives of order 1 and coor-
dinate multiplication operators;
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(R2) the Weyl and Kohn-Nirenberg quantizations on Rn of the symbol σpt, ξq :“ 4pi2p|ξ|2`
|t|2q with t, ξ P Rn;
(R3) the image dρ1p´LHnq of the negative sub-Laplacian ´LHn on Hn under the infinites-
imal Schro¨dinger representation dρ1 (of Planck’s constant equal to 1) of the Heisenberg
Lie algebra hn
1, for n “ 1.
The operator QRn is usually defined by the expression ´∆`4pi2 |t|2, or some scaled version of
it. 2 However, the Schro¨dinger representation ρ1 of Hn acting on L
2pRnq and the associated
Lie algebra representation, naturally acting on S pRnq, clearly relate each of the realizations
(R1) - (R3) to the others. Moreover, each of these realizations features a sum of squares. It
ought therefore to be natural to assume that similar realizations should be available for the
canonical harmonic oscillator on Hn.
The special role of the Heisenberg Lie algebra hn in this context is not coincidental:
it is precisely the Lie algebra which is generated by the partial derivatives Btj and the
multiplication operators for the coordinate functions tk, j, k “ 1, . . . , n. It is well known
that hn is stratified, therefore permits a (canonical) homogeneous structure, and that the
sums of squares in the identities above are essentially related to the first stratum of hn.
An operator on Hn satisfying criteria analogous to (R1) - (R3) should clearly involve left-
invariant (or alternatively right-invariant) vector fields on Hn, which are uniquely determined
by some vectors in hn, and a scalar potential expressed in terms of the coordinate functions on
Hn. It ought therefore to be natural to study the Lie algebra generated by the standard basis
of left-invariant vector fields, here denoted byX1, . . . , X2n`1, and the multiplication operators
defined by the coordinates t1, . . . , t2n`1 on hn – R2n`1 which determine the coordinates
in which the vector fields are written. The resulting Lie algebra and its representation
theory were first studied in Dynin [Dyn75], and in more detail in Folland [Fol94]. This Lie
algebra, which we shall call the Dynin-Folland Lie algebra, is in fact stratified and thus
admits a sub-Laplacian. Endowed with the canonical homogeneous structure arising from
the stratification, the Dynin-Folland Lie algebra together with its associated connected,
simply connected Lie group, the group’s generic irreducible unitary representations, and the
associated negative sub-Laplacian (a positive Rockland operator) give rise to the harmonic
oscillator on the Heisenberg group. We provide a concrete formula for this operator and
describe the asymptotic growth of its eigenvalues, using results by ter Elst and Robinson
[tER97].
1. extended to the universal enveloping algebra uphnq.
2. The factor 4pi2 is due to our choice of realising the Schro¨dinger representation; our expression agrees
with the versions in Folland [Fol89] or Stein [Ste93] up to scaling.
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2. The Dynin-Folland Group and its Representations
2.1. The Dynin-Folland Lie Algebra. In order to present our results, in this and the next
sections we fix the notation and recall the fundamental results about the Dynin-Folland Lie
algebra and group and its generic unitary irreducible representations due to Dynin [Dyn75]
and Folland [Fol94]. For more details we refer to [Fol94,Rot14,FRR18].
We choose the usual exponential coordinates for the Heisenberg group Hn, thus express
the group law by
pt2n`1, t2n, . . . , t1qpt12n`1, t12n, . . . , t11q
“
´
t2n`1 ` t12n`1 ` 12
nÿ
j“1
ptjt1n`j ´ t1jtn`jq, t2n ` t12n, . . . , t1 ` t11
¯
.
We can also group the variables as t˜3 :“ t2n`1, t˜2 :“ pt2n, . . . , tn`1q, t˜1 :“ ptn, . . . , t1q and
rewrite the group law as
pt˜3, t˜2, t˜1qpt˜13, t˜12, t˜11q “
´
t˜3 ` t˜13 ` 12
`@
t˜1, t˜
1
2
D´ @t˜2, t˜11D˘, t˜2 ` t˜12, t˜1 ` t˜11¯.(1)
In these coordinates, one can realise the Schro¨dinger representation ρκ of formal dimension
|κ|n, κ P Rzt0u, on f P L2pRnq as`
ρκpt˜3, t˜2, t˜1qf
˘pt˜11q “ e2piiκ`t˜3` 12xt˜1,t˜2y`xt˜2,t˜11y˘fpt˜11 ` t˜1q.
The real Lie algebra rg of operators generated by the left-invariant vector fields on Hn
Xj “ Btj ´ 12tn`jBt2n`1 , Xn`j “ Btn`j `
1
2
tjBt2n`1 , X2n`1 “ Bt2n`1 , j “ 1, . . . , n,
and by the multiplication operators Yk “ 2piitk for k “ 1, . . . , 2n`1 is 3-step nilpotent and, as
a vector space, isomorphic to RˆR2n`1ˆhn – R4n`3. If we denote by Z the multiplication by
the constant 2pii and identify the operators Z, Y1, . . . , X2n`1 with the standard basis vectors
in R4n`3, the isomorphism is realized by equipping R4n`3 with the Lie bracket defined by
(2)
rXj, Xn`js “ X2n`1, rXj, Y2n`1s “ ´12Yn`j, rXn`j, Y2n`1s “ 12Yj,
rXk, Yks “ Z,
for j “ 1, . . . , n and k “ 1, . . . , 2n`1, and vanishing brackets otherwise. We will denote this
Lie algebra by hn,2 and refer to it as the Dynin-Folland Lie algebra. The connected, simply
connected Lie group obtained by exponentiation will be referred to as the Dynin-Folland
group and denoted by Hn,2. The Lie bracket relations immediately reveal that the Lie sub-
algebra generated by Z, Y1, . . . , Y2n`1 is Abelian, and hence Hn,2 can be viewed as a semi-
direct product of the form R2n`2 ¸Hn. Using exponential coordinates and identifying any
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element of Hn,2 with its corresponding coordinate vector
`
z, y1, . . . , y2n`1, x2n`1, . . . , x1
˘ “:
pz, y, xq P Rˆ R2n`1 ˆ R2n`1, the Hn,2-group law can be expressed by
pz, y, xqpz1, y1, x1q “
´
z ` z1 ` 1
2
` xx, y1y ´ xx, y1y˘,(3)
y ` y1 ` 1
4
`
ad˚pxqy1 ´ ad˚pyqx1˘, x ¨ x1¯
provided we denote by x ¨ x1 the x2-coordinates of p0, 0, x2q “ p0, 0, xq ¨ p0, 0, x1q P Hn ď Hn,2
and by ad˚ the coadjoint representation of hn – R2n`1 on hn˚ – R2n`1 given by
ad˚pt˜3, t˜2, t˜1qpt˜13, t˜12, t˜11q “ p0,´t˜3t˜11, t˜3t˜12q.
2.2. Stratification and Unitary Irreducible Representations. The Lie bracket (2)
admits the stratification
g3 :“ RZ, g2 :“ R-spantY1, . . . , Y2n, X2n`1u, g1 :“ R-spantY2n`1, X2n, . . . , X1u,
which possesses a canonical family of homogeneous dilations tDrurą0 on hn,2 given by
(4)
DrpZq “ r3Z,
DrpYkq “ r2Yk, DrpX2n`1q “ r2X2n`1,
DrpXkq “ rXk, DrpY2n`1q “ rY2n`1,
for k “ 1, . . . , 2n. The sub-Laplacian LHn,2 induced by the above stratification is the left-
invariant differential operator on Hn,2 corresponding to the sum of squares
X21 ` . . .`X22n ` Y 22n`1 P uphn,2q.
Moreover, for l :“ κZ˚ P zpgq˚ with κ P Rzt0u the matrix representation of the corresponding
symplectic form Bl “ lpr . , . sq immediately reveals that Bl is non-degenerate on hn,2{zphn,2qˆ
hn,2{zphn,2q, i.e., up to Plancherel measure zero all unitary irreducible representations are
square-integrable modulo the center ZpHn,2q, and its Pfaffian (characterizing the Plancherel
measure) is given by Pfplq “ |κ|2n`1. These generic representations of Hn,2, denoted by
piκ, κ P Rzt0u, can be induced by the characters χκ :“ e2piixκZ˚, . y of the normal Abelian
subgroup R2n`2 ď Hn,2: for a fixed κ P Rzt0u the action of piκ on the representation space
Hκ – L2pHnq is explicitly given by`
piκpz, y, xqf
˘ptq “ e2piiκz e2piiκxt¨ 12x,yy fpt ¨ xq(5)
for f P L2pHnq, where t¨ 12x and t¨x again denote the Hn-group products of the corresponding
coordinate vectors.
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3. The Harmonic Oscillator on Hn
The representation pi :“ pi1 for κ “ 1 defined in (5) was the object of interest in Dynin’s
account [Dyn75] since it served the purpose of introducing a Weyl quantization on Hn.
For our definition of the harmonic oscillator QHn on Hn this representation plays the same
crucial role as the Schro¨dinger representation does for QRn . For this reason the analog of
(R3) yields a canonical definition of QHn . The analogs of (R1) and (R2) will be an immediate
consequence of our choice.
For the basis tZ, Y1, . . . , X2n`1u of the Dynin-Folland Lie alebra hn,2 and the representa-
tion pi “ pi1 P pHn,2 realized on the representation space L2pHnq, we define the harmonic
oscillator on Hn to be the positive essentially self-adjoint operator
QHn :“dpi
`´LHn,2˘ “ ´dpi`X1˘2 ´ . . .´ dpi`X2n˘2 ´ dpi`Y 22n`1˘,
whose natural domain includes the space of smooth vectors H8pi – S pHnq.
The essentially self-adjoint differential operator QHn on Hn admits the following three
realizations:
(R1’) the differential operator ´LHn ` 4pi2 t22n`1;
(R2’) the Dynin-Weyl quantization on Hn of the symbol σpt, ξq :“ 4pi2pξ21`¨ ¨ ¨`ξ22n`t22n`1q
with t, ξ P R2n`1;
(R3’) the element dpip´LHnq P uphn,2q for the sub-Laplacian LHn on Hn.
Since the Lie algebra isomorphism hn,2 Ñ rg defined by (2) is precisly dpi, we immediately
have
(6)
QHn “ ´LHn ` 4pi2 t22n`1
“ ´`Bt1 ´ 12tn`1Bt2n`1˘2 ´ . . .´ `Bt2n ` 12tnBt2n`1˘2 ` 4pi2 t22n`1,
thus (R1’). As for Dynin’s Weyl quanization of σpt, ξq :“ 4pi2pξ21`¨ ¨ ¨`ξ22n`t22n`1q, it suffices
to recall that every monomial in ξj, j “ 1, . . . , 2n`1, is mapped to the monomial of the left-
invariant vector field Xj, and that multiplication by any monomial in tk, k “ 1, . . . , 2n`1, is
mapped to the multiplication operator multiplication operators Yk “ 2piitk. For more details
we refer to [Dyn75] and [Rot14, § 5].
Note that equivalently we could realize pi as a direct summand of the left regular rep-
resentation of Hn,2, thereby replacing the left-invariant sub-Laplacian LHn in (6) by the
right-invariant one. The spectral asymptotics, however, would not change (cf. [tER97]).
4. Spectral Properties
The harmonic oscillator QHn has purely discrete spectrum in p0,8q and we obtain the
asymptotic growth rate of its eigenvalues of QHn by employing a powerful method developed
in ter Elst and Robinson [tER97], which applies to general graded groups. If G is nilpotent
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but non-Abelian, then for almost every unitary irreducible representation pi P pG the repre-
sentation space Hpi is infinite-dimensional. Moreover, if G is graded, then a left-invariant
differential operator R on G is said to be a Rockland operator if for every pi P pG the operator
dpipRq is injective on the space of smooth vectors H8pi Ă Hpi.
Hulanicki, Jenkins and Ludwig [HJL85] showed that if R is positive, then for every pi PpG the operator dpipRq has purely discrete spectrum in p0,8q. A concrete description of
the spectrum is due to ter Elst and Robinson [tER97], who showed that the number of
eigenvalues of dpipRq, counted with multiplicities, asymptotically grows like the volumes
of certain subsets of the corresponding coadjoint orbit Opi. The subsets in question are
determined (up to a multiplicative constant) by a (any) homogeneous quasi-norm on g˚.
Their estimate also gives an asymptotic value for the magnitude of a given eigenvalue.
In the case of G “ Hn,2 and R “ ´LHn,2 , the realization of pi “ pi1 P pHn,2 in Hpi “
L2pHnq given by (5) makes these results readily available for dpipRq “ QHn . The choice of a
convenient quasi-norm on hn˚,2 and the fact that the coadjoint orbit Opi is flat facilitate the
computation of the volumes in question substantially. One can use this to show:
Theorem. The harmonic oscillator QHn on the Heisenberg group Hn has a purely discrete
spectrum specpQHnq Ă p0,8q. The number of its eigenvalues, counted with multiplicities,
which are less or equal to λ ą 0 is asymptotically given by
Npλq „ λ 6n`32 ,
and the magnitude of the eigenvalues is asymptotically equal to
λs „ s 26n`3 for s “ 1, 2, . . . .
Moreover, the eigenvectors of QHn are in S pHnq and form an orthonormal basis of L2pHnq.
The power 6n`3
2
bears a specific relation to the canonical homogeneous structure of hn:
the nominator 6n` 3 is the homogenous dimension of the first two strata of hn,2, i.e., of the
subspace g1 ‘ g2 Ď hn,2, while the denominator 2 is the homogeneous degree of ´LHn,2 . For
a proof of the spectral asymptotics we refer to the preprint [RR18], especially the proof of
Proposition 6.3. The eigenvectors are clearly elements of
Ş8
k“1 dompQHnkq Ď L2pHnq; sinceŞ8
k“1 dompdpipRq
kq “ H8pi (see [tER97, Prop. 2.1]), this set coincides with S pHnq. The
eigenvectors form an orthonormal basis of L2pHnq because QHn is essentially self-adjoint
and limsÑ8 λs “ 8 (see, e.g., Schmu¨dgen [Sch12, Prop. 5.12]).
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